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ABSTRACT; The optimization of the final mass depends upon

the propulsion systems which are classified into two main cate-
gories: "high thrust systems" (Sl) or, better, systems with an

imposed exhaust velocity (chemical propulsion, nuclear rockets,
etc...) and "low thrust systems" (Sz) or, better, systems with

an imposed exhaust power (nucleo-electric propulsion).

The analytical resclutions utilize the classical op-
timization theories [1] or more recent ones [2-5] with the
method of Hohmann {32] or of Lawden [16] or of Contensou and
Breakwell [5, 63]. They are classified into the "time free"
case [32-77], the "time-fixed" case (close orbits) [78-129]
and the studies of the '"singular arcs' [189-196]; the time-

fixed case between distant orbits [130-188] is almost always
studied numerically.

1 - INTRODUCTION

The problem of optimal transfers and rendezvous is fundamental in space /3
dynamics. Consequently, many studies have been devoted to these problems [1-
226]. In very general terms, we can consider '"transfer' (with rendezvous) .a
moving body M of variable mass subjected to the given gravitational field g and

. > .
a thrust acceleration ?. Every change in position or vector » and velocity 7 of
this moving body occurs between two fixed instants to and tf (Figure 1).

Optimization consists generally of minimizing its corresponding expenditure
in propellant.

Propulsion systems are normally divided into two categories:

* Numbers in the margin indicate pagination in the foreign text.



" 1. "High-thrust' systems (transitional chemical engines, nuclear rockets)
for which the maximum thrust Fg.. is sufficiently large compared to the local

attraction force for the powered orbits to be of very short duration (quasi-
impulses). The ejection velocity W is moderate (3-8 km/sec);

2. "Low-thrust" systems (electri-
cal motors for which y/g ~ 10™"% to 1073
and which require long-lasting powered
arcs. Their ejection velocity is large
(10 km/sec and more).

From the viewpoint of a mathemati-
cal analysis of the problem, it is
preferable to adopt a classification
of the propulsion systems based on the
capability of modulating the ejection
velocity and of essentially distin-
guishing between the following two
models:

1. (Sl) systems to which an ejec-
tion velocity is applied and whose
thrust is limited (Figure 2a). ('"'High-
thrust" system and electrical motors
Figure 1. Transfer for which the ejection velocity is
imposed).

\
\
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Figure 2. Propulsion Systems

We can then assume as an index of performance for minimizing the charac- /4
teristic velocity: ‘ tF
CF'-:. () J—t‘
. t -

2. (Sz) systems for which the ejection velocity is subject to modulation

and where the sole limitation affects the power P of the jet (Figure 2b)



(idealized electrical motors). The performance index to be minimized may be
assumed to be:

Jf ’O‘JJ;

Studies on optimal transfer of more complex models, for example with limi-
tations regarding the power of the jet, the ejection velocity and the flow
(Figure 2c) [14, 91], or in the case of coupled motors of the (S ) and (82)
types [188] are rare.

The analytical solution of the optimal transfer problem based on the tradi-
tional optimization theories (Euler-Lagrange) [1], or more recent ones (Conten-
sou, Pontryagin) [2-5], is very difficult and many studies use numerical optimi-
zation methods (gradient, dynamic programming, etc.) [6-8].

However, some preliminary analytical results were obtained [9-21] in the
case of any given gravitational field, bringing to light the differences between
the solutions corresponding to the various propulsion systems: for the (Sz)

systems, the thrust is modulated during the transfer; for the (S ) propulsion

systems, there is a succession of maximum thrust arcs (except in a singular
case) and of ballistic arcs.

All these solutions are based on the same notion of "vector efficiency"
(Primer vector by Lawden [16]) indicating the optimum direction of the thrust
whose geometrical interpretation can be given [91]: this vector has as its ori-
gin the moving body ¥ and as its extremity a ''pilot" moving body P, close to M,
subject to the same thrust acceleration and to the same gravitational field as
M, describing a '"directrix curve" (D) which resembles the transfer trajectory
(T) of M (Figure 3).

A general analytical study /5
was pursued more successfully in
the zero [22-25] or constant [26]
gravitational field.

2. CENTRAL GRAVITATIONAL FIELD

In the case of a central
gravitational field, the general
analytical study remains quite

090 difficult [27-31]. Progress was
recently made by using keplerian
orbital elements (0), osculating

Figure 3. Pilot Moving Body and with respect to the trajectory

Directrix Curve. () of M at each instant, as com-

ponents of the !state' instead of
elements 7 and v or others used



earlier. This change in variables was easily accomplished by using the notion
of canonical transformation [29, 30].

The analytical results most frequently encountered were obtained in the
three following specific cases:

1. Transfer of undefined duration [32-77].
2. Transfer of fixed duration between close orbits [78-129].
3. Singular arcs [189-196].

In contrast,the study of fixed-duration transfers between distant orbits
[130-188] requires almost always the use of numerical methods.

These are the cases which will now be examined in succession.

2.1 - Transfers of Undetermined Duration /6

This chapter is developed at length in [74].

Many studies have been made by assuming the duration of the transfer to be
undetermined. This is a realistic assumption in the case of short-duration
transfers (maneuvers near a planet); on the other hand, the calculations are

then very much simplified because the time is an inconvenient parameter in
celestial mechanics.

The Sz—type propulsion systems (ejection power imposed), in those cases

lead to solutions of indefinite duration and infinitely low cost. Therefore,

only a study of the Sl—type propulsion systems is of interest (ejection velocity
imposed).

The impulse was first studied by a simplified method which may be called
the “Hohmann method": a priori we assume the number of impulses to be fixed and
calculate them so that their sum is minimal [32-62].

The use of the '"Contensou method" [3-5] has permitted the determination of
the truly optimal transfer in many specific cases.

Very few analytical studies [48, 69] were devoted to the case of transfers
between hyperbolic orbits. The initial and final conditions in this case are
always applied at an infinite distance (with the exception of studies regarding
the "singular arcs'": cf. chapter 2.3) and the possibility of producing impulses
is always present (losses due to limitations of thrust are then very small in
the ordinary cases).

Not taking into account the possibility of braking or maneuvering in the
atmosphere, optimal solutions can be of two types:

1. Transfer 'by the parabolic (energy) level" (Figure 4) with six impulses



from the I1 to 16. There are two intermediate near-parabolas with their
perigees grazing 12 and IS; impulses I3 and I4 which are used to make the
nearly-parabolic change are infinitely distant and infinitely small.

2. "Remote transfer'" with two initial im-
pulses (one at the initial point, the other at
the final point); the moving body never passes at
a finite distance from the center of attraction.

3. "Close transfers': the moving body passes
at a finite distance from the planet of attrac-
tion. These transfers, covering nine different
types, are all in the same plane and have a maxi-
mum of four impulses of which at the most one is
at a finite distance from the planet. Seven of
the nine types include a pass which comes close
to the surface of the planet.

Figure 4. Transfer ''By the
Parabolic Level" (or Six- Note: If the initial and final conditions are
Impulse Transfer). not only assumed to be at an infinite distance
but also such that the initial and final veloci-
ties ?b and ?f are vertical (the first one descending and the second one ascend-

ing) -- conditions which quite frequently are only planned -- the 'remote trans-
fer" is never optimal and the other types of transfer never have more than two
impulses which are not infinitely small.

Optimal orbit ascents also have been the subject of very few analytical
studies [76, 77]; so far they have always led to impulse solutions (almost
always bi- or tri-impulse solutions).

This is the case of transfers between elliptical orbits which are not
secant with respect to the planet of attraction which has been by far, the one
subject to the most extensive studies. We will examine it now in detail:

Optimal transfers between elliptical orbits not secant with respect to the
planet of attraction [32-75, except 48 and 69].

The possibility of breaking down the powered arcs into elements described
in one single interval turn permits us to revert always to a study of the im-
pulse case.

It has been demonstrated that the optimal solutions never include singular
arcs [196] and it is likely that they are always either of the mono-, bi-, or
tri-impulse type, or of the biparabolic type (Figure 5), with two finite im-
pulses tangential to the perigees and two impulses infinitely small at large
distances (to pass from one quasi-parabola to another). This latter type espe-
cially is always optimal if the angle formed by the initial and fianl orbit
planes is greater than 60.1850°.

/7



- The following are the three most important cases studied analytically:

Figure 5. The Biparabolic Transfer.

I

¥

@ Ibi

Figure 6. The Four Optimal Transfer
Types Between Near-circular Close
Orbits.

I

I. Optimal transfers between nearly
circular close orbits [70,73,91,93,94,95].

This case is evidently of very great
practical importance. The first-order
study leads to solutions of the following
four types (Figure 6):

Type I: Bi-impulse type (two well-
determined impulses)

Type II: Bi-impulse nodal type (two
well-determined impulses applied to the
nodes and symmetrical directions with re-
spect to the orbit plane)

Type III: Singular tri-dimensional
type. This is a degenerate type: A
certain choice is available in the po-

sition of optimal impulse, but
the optimal direction of the
thrust is always well deter-
mined; it is always in one of
the two planes containing the
tangent and inclined 30° with

respect to the local horizontal.

Type I bis:
This type corresponds to Type 1
in the case of a plane. The
thrust is tangential, but the
optimal point of application of
the thrust is no longer deter-
mined; this is a second case of
degeneracy.

The first-order study in
the case where the eccentricity
of the orbits is low, but yet

tude of the transfer [91, 94]
and the second order study [73]
eliminates the degeneracies and
leads to bi- or tri- impulse
solutions.

II. Transfers between coplanar
- elliptical orbits.

large with respect to the magni-

/8

Singular plane.



This case has been almost totally investigated.

A study of the area of maneuverability [3-5] leads to the notion of the

"useful angle' (Figure 7) outside of which any thrust or impulse is nonoptimal.
This angle, always consisting of
two angles opposed by the summit
and which are located within the
acute angle of the tangent and the
local horizontal, always occupies
less than 20% of these acute an-
gles; today it is known with great

accuracy [65,66,68,70,72,74,75] and
does not depend on the eccentricity
e of the osculating orbit and the
true anomaly v of the point
studied:

F l'_s‘f:___ e sin v + 48e35in31r
3+ecsv (3+e cosv)s

.J,.

Figure 7. The Useful Angle.
5. 6.5
+ _g_e Sinv 4 _ordre(e sin v)

34

(this expression is not always applicable to e > 0.925, a value starting at
which the area of maneuverability undergoes a major qualitative change [66,68]).

t3 Y= (1-x)e sinv _ 2(“3')'.93 sine 43 e’ sinv + ordre (e‘ sinsv)
brxc-x* (bt 4536

. 3 . ,
where x = e cos v (the second term contains e sv,n3 v and not 23 8in v as shown
in [74] by error).

The commutations which determine the succession of optimal impulses come
about whenever the sides of the useful angle coincide with the thrust direction;
they are known very accurately [66,70,72].

We will use the letter A to designate an accelerating impulse (drawn ahead
of the useful angle, Figure 7) and the letter D to designate a decelerating
impulse.

The optimal transfers include eight possible types: A - D - AA - AD - DD -
- AAD - ADD and biparabolic (Figure 5).

The one-impulse modes (A or D) are rare because of the smallness of the
useful angles and the three-impulse modes (AAD or ADD) apply only to very large



eccentricities:

it 1s necessary that the sum of the eccentricities of the ini-

tial and final orbits be greater than 1.712 (for a more accurate descriptionm,
see the "Moyer domain" and conditions regarding the other elements in [74]).

Mode AA

Mode AD

Mode ADD

Figure 8. Coplanar Orbits -- Examples
of Optimal Transfers.

On the other hand, the bipara- /10

bolic mode is of little practical
interest between coplanar orbits:
the physically realizable solutions
which come close generally require
considerable distances in order to
be more economical than the best of
the one- or two-impulse solutions.
In practice, therefore, optimal
transfer is almost always a one- or
two-impulse solution; one may even
add che following: it is almost
always of the AA mode (Figure 8) if
the final orbit Of encircles the

initial orbit Oo of the mode AD

(Figure 8) if the two orbits are
secant, and of the DD mode, if Of is
contained within 00.

Certain specific cases are very
simple such as, for example, that
where the two orbits 00 and 0, are

7

equal (the optimal solutions, if
they are not of the "biparabolic
type' are of the "AD symmetrical
type, (Figure 9) or that where the
two coplanar orbits have the same
major-axis direction (the specific
two-impulse or biparabolic case of
the situation described below).

III. Transfers between coaxial orbits (coplanar and

noncop lanar) .

Two elliptical orbits will be called coaxial if
they have the same major-axis direction.
guish between direct-coaxial orbits (perigees on the
same side) and inverse coaxial orbits.

We distin-

These transfers, whose study was begun in [33,40,
43,56,57,60,65,71,75] were completely analyzed by
C. B. Winn [71 bis]; they contained as a specific case

transfers between circular orbits.

Figure 9., Equal coplanar
Oorbits -- Symmetrical AD-
Type Transfer.

8

The optimal solutions use intermediate orbits
which are coaxial with the initial orbit 00 and the

/11



final orbit Of’_ They are of the following types:

1. Biparabolic type (Figure 5). This mode may be considered of the tri-

impulse type if OO and 0, are direct-coaxial orbits.

f

2. Two-impulse type solutions: between
direct-coaxial orbits the transfer is of the
"generalized Hohmann type" (Figure 10) with an
intermediate ellipse whose apogee is at the
highest apogee and whose perigee is the perigee
of the other orbit.

Between inverse coaxial orbits the trans-
fer is performed either 'by perigees" or 'by
apogees'' (Figure 11).

Figure 10. Direct or Aligned
Coaxial Orbits -- The
""Generalized Hohmann Transfer'.

3. Three-impulse type (Figure 12).
The three impulses occur on the axis at Il’
12’ and IS' There are two intermediate ellipses

172 273 1
I, are their perigees and those of the intermediate ellipses., 12 is the common

whose axes are I.I_, and I_I If 00 and Of are direct coaxial ellipses, I. and

apogee of the latter and is farther
removed than the apogees of Oo and Of'

Determination of the planes of /12
intermediate ellipses and of position
12 is similar to an optical problem.

If 00 and Of are circular orbits,

Figure 13 shows the optimal transfers
mode as a function ot the ratio r of
the radii (assumed < 1 if necessary,
due to reversibility) and of the angle
7 of the orbital planes.

The remarkable study by C. B. Winn
[71 bis] permits a determination in
each case of the optimal transfer mode
and the position of the intermediate
ellipse(s). Following are examples of
diagrams of cases where the initial

7

[V,

Figure'll. Inverse or Opposing Coaxial
Orbits. The Transfers ''By the Perigees"
and ''By the Apogees''.

orbit eccentricity is zero followed by
0.1.

1. Disposition of the graphics

(Figure 14). ‘Poé a, a-e°)) is the distance to the center of the perigee of
o s s - . . . . | - _ . .
the initial oribt; likewise, Af'= aF‘A + eF)‘ and ‘Pf = Q_Fé‘ QF) (assuming by

9



convention ef < 0 while 00 and Of are inverse coaxial orbits),
2. Case where e, = 0

i is the angle formed by planes OO and Of
2 : two-impulse transfer
3 : three-impulse transfer

BP : biparabolic transfer

3, Case where e, = 0.1 /13

Other cases were studied analytically such as
the infinitesimal rotation of the orbit plane [87]
Figure 12. The Three-impulse @as well as transfers between orbits, one of which

Transfer. has its eccentricity close to 1 [74, 75]; they
always lead to solutions which never have
more than three finite impulses. Further-
6 more, optimal hyperbola-ellipse transfers
: are easy to obtain [74].

160;%00 Hode W -porsiotyse

L4 From the practical viewpoint, the

accomplishment of theoretical impulses by

20 way of one or more maximal thrust arcs (if
there are several of them, they are one
R . rotation apart) leads to solutions [161]
v 03 T — hardly more costly than the impulse solu-
tions. Moreover, the performance of rendez-
Figure 13. Optimal Transfer Type vous at the same price as simple transfer
Between Circular Orbits; r = has been accomplished by a very simple and
= Radius ratio. elegant solution [78, 213, 226] by using an
o e ) intermediate orbit of the proper
! period. Finally, the practical
| solutions similar to biparabolic
0 ! .
YR 051 ! "cransfers. (Figure 5) a?e-of great
! ! interest if the angle i is large.
1
-———1 —-—-‘-——--i- ---------- 2.2 - Transfers of fixed duration

2.2.1 Close orbits.

e
8

0 The problem of transfers of
fixed duration between close orbit
0 4 - orbits is well suited for analysis
0 o5 7 05 0 The hypothesis of small distances
(of the order of ¢) of the oscula-
\/—-gz '/—-F-F:E _f_r_ ting orbit during the transfer,
0 ’ Py with respect to a nominal refer-
+ + 4 4 S ence orbit, permits the lineariza-
0 025 1 _ 4 o tion of the problem. The selec-
Figure 14. Disposition of the Graphics. tion of the orbital elements as

10



the coordinates of state leads to a particularly simple adjunct which is a lin-
ear function of time [81, 87] or even constant [91], if the sixth component is
properly chosen.

T ¥ - » |
! B8P B.P 5
8.P E \~_ \\~ k 2 8P 2 8.pP
o e s - ﬂ » » N 2
: 3 2 |
5 = '
T ar  ||ar | ar an
1 = 0° 1= 300 4= 40° 4 =500
Figure 15. Case Where e, = 0.
2 . 2 2 i
2 : a
<;?7’ 3 i
5 d .
P
B8P er | 8P | B
i = 0° 1 = 30° i = 40° i = 50°

Figure 16. Case Where e, = 0.1.

The use of the "efficiency curve" instead of the pilot moving body P in
mobile axes (first Lawden locus [16]) is of great interest.

The solution is much simpler in the case of (S2) propulsion systems, where /14
the first-order general solution can be obtained [80, 81] and where, further-
more, the transfer problem between Circular close orbits [82] followed by that
of rendezvous between nearly circular close orbits [83] has been studied in de-
tail,

In the case of (S7) propulsion systems, the law of all-or-nothing thrust
introduces nonlinearities even in the first-order study. Few general results
can be obtained.

Meanwhile, let us quote the following results [91]:

In the case of transfers between any given elliptical close orbits, there

11




can be at the most three arcs of maximum thrust {or, at the limit, three im-
pulses) per revolution.

In the case of transfers between nearly circular orbits of eccentricity
¢ < order of € << 1, except in a singular case, there are never more than two
arcs of maximal thrust (or two impulses) per revolution.

Note: the two preceding results assume the duration of the transfer to exceed
one revolution.

The singular cases (of the linearlized problem) where the solution is no
longer unique but degenerates into a large number of solutions (with a certain
amount of liberty in the choice of position of the points of application and
the magnitude of thrust) can only occur for transfers between nearly circular
orbits (e < order of ¢ << 1). In this case, there are two types of singular
solutions: type I bis (singular plane) and type III (singular tridimensional)
already discussed in section 2.1.

It is also possible to obtain results concerning the phenomena of induction
(nonimposed variations of certain orbital elements, induced by the imposed vari-
ations of other orbital elements) which generalize, in the case of (Sl) propul-

sion systems, the results concerning the decouplings encountered for (Sz) pro-

pulsion systems [81].

There is mutual noninduction between the rotation of the orbital plane and
the modifications in the orbital plane, but there is no decoupling between the
two problems.

Similar results are obtained if the number of revolutions is an integer (or
for a large number of revolutions). The analytical study may be extended to
certain particular transfer classes which are of evident practical interest [91].

The complexity of the study of these particular cases increases as the /15
number of orbital elements increases whose variation is imposed, although, in
contrast, simplified hypotheses must be formulated on an increasing scale.

1. Infinitesimal optimal "dilatation' of the semi-major axis may be dealt
with in the elliptical case for an integral number (or a large number) of revo-
lutions. The maximal thrust is tangential and applied to each revolution over
an arc which circles the perigee.

2. Infinitesimal optimal rotation of the plane is also discussed in the
same hypotheses. The maximal thrust is normal to the orbital plane and applied
to one or two arcs during each revolution [84, 87] (Figure 17a).

3. Optimal transfers between coplanar circular close orbits were studied
for any given transfer angle [85-91].

A distinction must be made between the regular and the singular solutions
(of the linearized problem). The latter can result only for transfer angles

12



above 180°.

System . Sy W= constant 2 F€ System | S, :W veriable, Puby o

- —— . balistic are

a b

Figure 17. Infinitesimal Rotation of the Orbital Plane.

The regular solutions include an alternation of maximal thrust and ballis-
tic arcs (Figure 18a). Optimal thrust is antisymmetric with respect to the axis
of symmetry of the transfer arc. The law of thrust orientation and consumption
depends not only on the transfer angle but also on the maximal thrust available.

. M,
65) (S2)

a b

Figure 18. Transfer Between Circular Coplanar Close Orbits.

The singular solutions are of the type I bis (singular plane) and /16

13



correspond to a tangential application of the thrust. This is a degeneration
of the linearjized solution. In fact, it is sufficient to divide the thrust
along the transfer arc in such a way that the "dilatation' desired is obtained
and that the '"center of mass'' of the partition be at the center of the orbit.
These singular solutions are particularly important because the specific
""dilatation'" is then maximal (in the linearized study) (Figure 19).

This degeneration disappears if
we make a study at higher orders than

2, those of singular solutions [86, 89].
#
4. This higher-orders study could
g ! be generalized to cover the cases of

. optimal transfer planes of the Hohmann
type between nearly circular, coaxial-
direct, and nonsecant close orbits
[90, 91].

These transfers are accomplished /17
economically by using the two-impulse
Hohmann solution if the thrust of the
Figure 19. Hohmann-type Solution and motor is not limited (Figure 20).

Degenerated Solutions. Otherwise, they consist of a succession

of arcs of maximal thrust of slightly
decreasing duration starting with the
perigee and moving toward the apogee (Figure 21).

Figure 20. Hohmann Transfer. Figure 21. Limited Thrust Case --
Third Order Study.

Optimal thrust is applied in practice according to a bisector of the angle
formed by the local horizontal and the tangent to the trajectory.

14



The difference between the characteristic velocities (integral of the
thrust acceleration) of such a solution and that of the Hohmann solution rela-
tive to the same transfer is of the third order with respect to the magnitude
of the transfer, even for arcs of relatively long-lasting thrust. This explains
the degeneration noted in the linearized study of such solutions.

5. The solution relative to the optimal long-lasting rendezvous between
nearly circular close, coplanar or noncoplanar orbit [96], is simply derived
from that pertaining to the transfers (Cf. section 2.1).

According to the rendezvous to be performed, the optimal solution is of
types I, I bis, II, III (as in the transfer case) or, for distant rendezvous,
of two new types: type IV, with four impulses (which can be reduced to three)
and type IV bis, in a singular plane.

A convenient choice of the variable described and of the sixth component /18
of state permits discussion of the rendezvous case where the initial angular
shift is large, while the majority of the studies dealing with these problems
discuss only rendezvous where this shift is in the order of € [96-114] and,
furthermore, often contains major simplified hypotheses [104-108, 111-113].

The fixed-time transfer problem between close orbits is evidently tied to
the problem of orbit corrections from their deterministic [115-120] or stochas-
tic [121-129] viewpoint.

2.2.2 - Distant Orbits.

The fixed-time transfer problem between distant orbits is very difficult
to solve.

For "high thrust'" propulsion systems, the number of impulses assumed is
generally fixed a priori and the impulses are determined in such a way that
their sum is minimal [130-136].

For '"low thrust" propulsion systems, the studies are essentially of a nu-
merical order. Frequently, the command law is partly imposed (or indeed totally
imposed, which eliminates any optimization!).

We thus distinguish among the following:

1. For (S,) propulsion systems, the studies where the (modulable) thrust
acceleration i§ optimal and where the thrust direction is tangential [137] or
optimal [138-152].

The remarkable purely analytical study of long-lasting cases performed by
Edelbaum [140] should be singled out.

2. For (S,) propulsion systems, the studies where the thrust is optimal
(succession of maximal thrust and ballistic arcs) and where the thrust direction
makes a constant angle with the local horizontal [153], or is horizontal [154]
or is optimal [155-162].

15



" One particular case of this type of studies concerns transfers where maxi-

mal thrust is applied continuously.

Very often, in order to simplify the calculations, it is assumed that it
is the thrust acceleration and not the thrust force which is constant.

The thrust direction is then assumed fixed [163], radial [164-168], tan-
gential [169-174], normal [175], making a constant angle with the local hori-
zontal [176-178], or optimal [179-187].

2.3. Singular arcs [189-196]

Singular arcs whose prototype is Lawden's spiral (Figure 22) [189], are

Figure 22. Lawden's Spiral.

Lawden's '"primer vector".

16

found in studies of S1 propulsion systems (ejec-
tion velocity imposed, cost parameter = character-
istic final velocity Cf).

To study them, let us use the Pontryagin
theory [2] with the following parameters:

—>
1. Parameter of state: I, "
—> 7
VEE), ) o
dt Lo
2. Command parameter: =. acceleration due to the

it

the conditions O ’O'g Trnax

, —_
motors (hence J-v’,:ii - "_..r_, ); Y is subject to
. 3 |

, Where Tm“ is a

given function of C.

13 - » _> _}
3. Pontryagin parameters associated with r, V and

C: ?r’ fV, ?c; fV’ an efficiency vector, is

-l — —— ?
From there, we obtain the Hamiltonian H: H = .V + Pv Tt ), Pc'r
Pr v 3

Let us make I?LJ = P ; the maximization of H leads to:

—

I. o is parallel to fv

II. Haﬁ..V."’L

- -5

and points in the same direction.

%P + m'a.x(O;vpv+pc)..Tm¢x [

where: ‘6'30 Y] Pt P,_<0 , T is of any magnitude if Pv-tpcgo,fgrmm(}if

prp>0

/19



" In general, therefore, y

0 or vy The singular arcs are obtained by

max’
'selecting y precisely in such a way that Pv + Pc is zero all along the arc.

They therefore meet Pontryagin's optimality conditions.

We must therefore set down that Pv + Pc and its successive derivatives are /20

zero: we calculate the expression of these derivatives up to the point where one
of them (in fact, the fourth one) contains vy explicity which permits determining
the necessary acceleration value.

Clearly, a similar calculation can Abe made %or any force field. The
derivative of P_ 1is obtained easily: H _
¢ = OJmcpc &F -"’

il: - ac
For Pv we obtain: 1. r:-_: . (PV)

P r’
m("V) pr - 1:” G'LP Pv) ete. '

We make g =?.E ,;[,,'f’(  d 'is therefore the positive upward angle of the
= A ,

direction of _P:) and of ? with the local horizontal plane.) From the equation

2 2
d__ (PZ) we obtain P% = u 1-3s , therefore g <1 , thereforelﬂ< 35.264°,
1 v r -~ 3 <

dt r3

The integration of the plane singular arcs is easy [196]. They verify, in

polar coordiantes r and 6, (Figure 23), the equation: H
ra o fs? Y )
1-3¢ 3
<)
and the quadrature: J_o ‘LJ'S -Hrl
df  pet-Het

(rl is of constant length).

For H = 0, the arc obtained is Lawden's
spiral (Figure 22).

For r'l = +o we obtain the reversible arc

(Figure 24), with a check point at A for

82 = %—and a point B where y becomes 0 (it

Figure 23. Planar Singular Arc.

is then necessary to change the sign of s and that of H in order to preserve the
function y > 0).

The only tri-dimensional integrated case is that of the 'circular arc" /21
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(Figure 25) whose semi-angle is at the center: Arc sin _‘?. (= 35.264°).

In the other cases, the
integration must be facili-
tated by using first inte-
grals [27]:

1. H = constant;

ryg ~p ->
. A =:??A'%_+S7k[y .=
constant vector;

K=C+ 2=V -3HEL
,l/_ 3s | = .-._t. -Sat? = constan e latter
r H - 0- eo A 4 appliez o::ll)gt}tlo ii:;ular

arcs and impulse transfers).

N

Figure 24, The Reversible Arc.

[#3]

The singular arcs satisfy Pontryagin's
optimality conditions, but these conditions are
insufficient according to many studies dealing
with the necessary and sufficient optimality’
condition [191, 194-196].

We thus obtain the following:

1. Every singular arc containing a portion
for which s is positive is nonoptimal; particu-
larly Lawden's spiral and the 'circular arc' are
not optiaml.

Figure 25. The Circular Arc.

A 2. The same applies if the final time tf is
r= I’;;S:..a_ ' undetermined and if one of the dynamic conditions
found along the arc studied corresponds to an
V-\/ g.t_. . elliptical orbit not secant with respect to the
r attraction planet: a major economy can be accom-
T=r plished by making one or more turns around the

Pl center of attraction.
3. Let us consider a piece of singular arc

on which s is always negative (for example, arc
BAB, Figure 24) and let us make the following assumption for this sector:

Fim = Min r. ; Sy =Maxs (<0); K‘zmuvl' J= mx(\{'/%:E)
R m
Sy Pm

8J
studied is optimal if one of the following cases applies:

of the piece of arc

Every portion whose time is less than (.
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AL If to is fixed.
r
B. If H=0 and if tf is subject to t': < to +2 v-'%“- .

C. If H =0, tf is undetermined, and if none of the dynamic conditions

found along the trajectory of the portion under study corresponds to an ellip-
tical orbit not secant to the planet of attraction (and provided that these
ellipses are not accessible at a price lower than that of the portion studied).

S
The real 1limit time is probably much higher than (; —i%;i%>.

The question of optimal junction of singular arcs to ordinary arcs(ballis- /22

tic or maximal thrust) is also quite difficult except if y > 0 or Ypax 2t the

extremity of the singular arc (or if s ~ 0). Otherwise, there is an infinity
of ballistic arcs and alternating maximal-thrust arcs immediately next to the
extremity of the singular arc. Such a series is evidently difficult to analyze
(but there are some which are optimal). In the impulse case, the singualr arc
simply terminates with an impulse followed by a ballastic arc.

This study of adjoining orbits shows particularly well that singular arcs
are found in the general cases and not in the particular cases (although they
themselves are connected only with initial and final conditions which satisfy
many given realtionships).

Contensou proposed an extension of the notion of the singular arc (to the
case of transfer of undetermined duration of elliptical orbits): the optimal
application point of the alternate thrust between two (or more) positions along
the orbit and the transfer consists of an infinity of infinitesimal impulses
located alternately at the various optimal positions (which requires therefore
an infinity of orbits). Actually, such transfers were found which satisfy
Pontryagin's conditions but, so far, none of them is truly optimal.

3. CONCLUSION

The analytical study of optimal transfers and rendezvous between keplerian
orbits has made great progress in recent years, including the solution of par-
ticular cases (many cases are well-known at present), as well as from the gen-
eral theoretical viewpoint [for example: optimal solutions make use of modulated-
thrust arcs for type 82 propulsion systems (ejection thrust imposed) and gener-

ally of ballistic arcs and maximal thrust arcs (as a result of the impulse
limit) for type S, propulsion systems (ejection velocity imposed); very rarely,
there are also sifigular arcs and cases of reticence (chattering arcs)].

Many general theoretical results should be obtained soon, such as, e.g.,

the maximal number of arcs of various types within an optimal solution (for S1

systems: probably never more than one singular arc and, in the impulse case, six
pulses. This maximum is clearly reduced to zero singular arcs and three im-
pulses not infinitely small for transfers between elliptical orbits with unde-
termined duration).
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Furthermore, it will be very interesting to study the possibilities of
using secondary forces that exist in space, such as the equatorial oblateness
of the planets, atmospheric braking and maneuvering and particularly the forces
of attraction due to secondary bodies on trips in the solar system [197-211].
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